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We investigate the exact number of positive solutions for a quasilinear Dirichlet
problem with a density-dependent diffusion coefficient of the form ¢, (u*)¢, (u’) and a
bistable nonlinearity A(u?~* — u*~2)(u?~! — ¢), where ,(y) = [y ?y,p > 1, a >

0, ¢ >0, A > 0. Using the quadrature (time-map) method, we determine the exact
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multiplicity of positive solutions for all p > 1. For 1 < p < 2, we identify two critical

values A, < A; such that the problem admits zero, one, or exactly two solutions

p-Laplacian,

Positive solutions,
p-Laplacian Time-map,
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Bistability

depending on A. The paper also includes a physical interpretation of the parameters and
a numerical illustration of the theoretical results for p > 2.

1. Introduction

The purpose of this paper is to study the exact
number of positive solutions of the following
quasilinear boundary value problem
~(ppp@)) =2f@)  in(OD),
u> 0in (0,1),
u(0) =u(1l) =0,
(1)

where ¢,(y) = |ylP?y,y e Ra>0,p > 1,
c>0,f(w) =Wl —u??"2)(uP ! —¢) and
A>0.

Problems of type (problem 1) with p=2
frequently arise in  mathematical models,

particularly in physics and fluid mechanics. They
describe phenomena such as diffusion, heat
conduction, or flows through porous media. In
mathematical biology, they are also used to model
population dynamics, the spread of chemical

substances in biological tissues, or biochemical
reactions.

When a > 0, this model represents a substance in
which particles exhibit minimal movement when
their numbers are low, but their diffusion velocity
increases as the particle density within a given
space grows. This behaviour can be used, for
instance, to model flows through porous media.

The case a < 0 describes a scenario where particles
move at a very high velocity when their numbers
are low, but their speed significantly decreases as
their density increases. This models an effect of
stickiness or increased resistance to movement at
higher particle concentrations (see [9] , p.89).

The present work extends and complements several
results from the existing literature. In [1], Addou
and Benmezai studied the one-dimensional p-
Laplacian boundary value problem

~(gp@)) =g (D),
u >0 in (0,1),
u(0) = u(1) =0
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with even superlinear nonlinearities, and
established exact multiplicity results via the
time-mapping  method.  Their  analysis,
however, is restricted to the standard p-
Laplacian operator and does not account for the
presence of a density-dependent diffusion
coefficient of the form ¢,,(u®). In contrast, the
operator considered in the present paper,
namely ¢,(u*)¢@,(u'), introduces density-
dependent diffusion depending on the solution
itself, which significantly complicates the
analysis of the time-map and requires a more
delicate study of its monotonicity properties.

On the other hand, in our previous work [5], we
investigated a related quasilinear problem with a p-
convex nonlinearity and established exact
multiplicity results for positive solutions. While the
structural approach in [5] is similar in spirit to ours,
the  nonlinearity  considered there  differs
substantially from the one studied in the present
paper, namely A(uP~! — u?P=2)(uP~1 — ¢), which
possesses a more complex zero structure and gives
rise to a richer bifurcation diagram. In particular,
the interplay between the parameters A, p,c and p
produces a transition in the solution structure from
no solution to exactly two solutions that was not
captured in .To the best of our knowledge, the exact
number of positive solutions for problem (1)
combining the weighted operator ¢,(u®)e,u")
with the nonlinearity A(u?~! — u??~2)(wP~! —¢)
has not been previously studied in the literature.
The main novelty of this work is therefore twofold:
first, we treat a genuinely new combination of a
nonlinear diffusion operator and a nonlinearity with
a nontrivial zero structure; second, our analysis
covers all values p > 1 and a > 0, unifying the
cases 1<p<2 and p>2 under a single
framework based on the behavior of the time-map
T(p,A,c,p). We also include a physical
interpretation of the parameters and a numerical
illustration of the theoretical results for p > 2.

This paper is organized as follows. In Section 2 we
state the main results. In Section 3 we present the
time-mapping approach. Section 4 contains some
preliminary lemmas. Section 5 provides the proof
of our main results and Section 6 contains a
physical interpretation of the parameters and a
numerical illustration of the theoretical results for
p > 2.

2. Mains results

We consider the following problem
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~(pp D)) = 2 @)
w > 0in (0,1),
u(0) =u(1l) =0,

in (0,1),
(1)

where ¢, (y) = [y/P?y,y ER,a > 0,p > 1,
c>0,f(u) = WPt —u?P"2)(uP~t —¢) and
A1>0.

To state our result, define

St ={uect(0,1]);u > 0in (0,1),u(0) = u(1)
= 0and u'(0) > 0}

Let A* be the subset of S* consisting of the
functions u satisfying:

. . . 1
I. u is symmetric about >

ii. The derivative of u vanishes exactly once

in (0,1).

Let B* be the subset of C1(][0,1]) composed by
the functions u satisfying:

iii. u>0 in (0,1) and u(0)=u(l)=
u'(0) = 0.

iv. u is symmetric about %

V. The derivative of u vanishes exactly once

in (0,1).

Solutions in A% correspond to symmetric
solutions with a single inflection point and a
strictly positive initial slope. They are obtained
when the energy parameter E =u'(0) > 0.
Solutions in B* correspond to the limiting case
E =0, ie., the derivative vanishes at the
origin. This case is important because it occurs
at certain critical values of the parameter A and
allows bifurcations to occur. The distinction
between A* and B* is classical in the study of
multiplicity via the time- map method.

The main result of this work is:

Theorem 1. Assume that p>10<c<
mi ( p+a ’ (a+1)p+a+2) and a > 0.
3p+a—2’3(a+1)p+i4+a

(A) If 1 <p <2, then there exist 4,(p,a,c) >0
and 1, (p, a, ¢) such that

i. If A>21(p,ac), then the problem
(problem 1) admits a unique solution in
At
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If A=21(p,ac), then the problem
(problem 1) admits two solutions, one in
A" and the other one in BT,

iii. If A<2,(p,a,c), then the
(problem 1) admits no solution,

problem

iv. If L,(p,a,c) <A< A(p,a,c), then the
problem (problem 1) admits exactly two
solutions in A%,

V. If A=, a,c), then the
problem (problem 1) admits a unique
solution in B*.

(B) If p>2, then there exists A;(c,p, @),
A(c,p, @), A..(c,p,a) and & such that

i. If A< A,(p,a,c), then the problem
(problem 1) admits no solution,

ii. If A=2A,(p,a,c), then the problem
(problem 1) admits a unique solution in
At

iii. If > 2A3(c,p,@) and a > @&, then the

problem (problem 1) admits a unique
solution in A™,

if 2> max(1.(c,p,a),1.(c,p,a)), then
the problem (problem 1) admits exactly
two solutions in A™.

3. Time-mapping approach

In this section we introduce the well-known
time mapping approach (see for instance ).

Consider the following boundary value problem:

{— (¢p)) =g@in D,
u(0) =u(1) =0,
where g € C(R,, R).
Define G(s) : = f, g (Ddt.
Forany E > 0andp > 1, let
X, (p,E) = {s > 0; EP —p%c(g) > 0,v¢, 0
<{<s}
and
0B = S ) b
Let

515

D={E>0; 0<S,(pE)
< +o0 and g(S+(p, E)) > O}.

We define the following time-map

S+(p.E) 1

T.(p,E) = Of [Ev - % c;(u)]_5 du.

We now state the following well-known
theorem without proof (see for instance [6]).

Theorem 2. Assume that g € C(R,,R), E=>0
and p > 1. Then:

® Problem (2) admits a solution u e A"

satisfying u’'(0) = E if and only if E€Dn
(0,+) and T,.(p,E) =%. In this case the
solution is unique and its sup-norm is equal to
S+(p, E).

Problem (2) admits a solution u € B* if and
onlyif0e Dand T,(p,0) = % In this case the

solution is unique and its sup-norm is equal to
S+ (p' 0)

Now we consider the following problem

~ (oM, @)) = 2f ()
u > 01in (0,1),
u(0) =u(l) =0,
3)

where ¢,(y) = lyl’"*y,y € R,a > 0,p > 1,
c>0,f(u) = WPt —u?P2)(wP~1 —0),
pt+a

in (0,1),

0<c< dA>0.
¢ 3p+a—2 an

If we put v = ﬂ, we obtain

a+1

- (fpp(v’)) = 1h(»)in (0,1),
v > 01in (0,1),
v(0) = v(1) =0,
where
p-1 p-1 p-1 p-1

h(v) = (a + 1)a+iva+ti [(a + 1)a+iva+l (1 +c

p—1 p-1

p
—(a+ 1)a+11]a+1) — c],

4. Preliminary lemmas

Lemma 1. Consider the equationins € R,:
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p__P_ -
EP — L 2H(s) =0, (4)
where E > 0,p > 10 <¢ < oo, 1>

0 and H(s) = [, h(t)dt, forall s > 0.

S

Then there exists E, = (;1;; H( +1)> such

that for all E € (0, E,) equation (4) admits a
unique positive zero r, (p, 4, ¢, E). Moreover

i. The function Ew~ 1,.(p,AcE) is C! in
(0,+00) and forall p>1,1>0, c> 0 and

ory _ (p-pEP?
E > 0, we have TS (p,A,¢c,E) = T ACE)
p-1
(W)a+1

ii. Eli)r(r)1+r+(p,/1,c,E) e where W is the

unique positive root of h(v) = 0 in (Oﬁ)

(after the change of variable w=
(a + 1)Z_+1v%). It is  given by
w
_3pta-—2 ( 1+c¢
- 2 2p+a—1
(1+¢)? 4c
@Cp+a—-1?% @Bpt+a-2)p+a)]

iil. Eli_)n]}*nr(p,/l, c,E)= per
Proof. The proof of this lemma is similar to
that of Lemma 4.1 in or Lemma 8 in . So, it is

omitted. O

Now, we are ready, foranyp > 1,1>0,0< ¢ <

p+a
3p+ta—2 and E = 0, to compute X, (p, 4, ¢, E) as

defined in Section 3.
In fact

X+(p')‘! C'E) = ]0;7”+(P:/1' C'E)[-
Then
S+(p'A'E) = 7"+(p'/1: C'E)-
On the other hand, we have

D {E>0,0<s,(p,AcE)<+o0and

h(s+(p, Ac, E)) > 0} =[0,E,][.

By lemma 1, we have
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im s .2.05) =

and

(p— DEP!
/1f(5+ (pl /1, (o E)

VA > 0,Yc > 0,and VE = 0.

S+
a- IAI ;E = >0,V >1,
op P ACE) P

At present we define, forany p > 1,1 > 0,0 <

c<3 — and0<E<E*,thet|me -map T, by

s+(p,A,c.E)

T.(p,A,c,E) =f

=
0

1

p P
T AH()| ©

Now if we put the change of variables u =
s+(p, A, E)t in (5), we obtain that

T,(pA,c,E) = (%A)” fo [H(sa(p 26, ))

1
- H(S+ (pl AF (o8 E)t)]_g dt'
We observe that

T,(p,A4,¢,E) =T(p, A s:(p,A,¢,E)), forall p
>1,A>0and E = 0,

where

1

Tpoa.c0) = (2:2) " [ THG) — HoT 7t
©)

forallp>1,1>0,0<c < 2=
3pt+a-—-2

0.

Since the function E » s, (p,4,¢,E) isan
increasing ! —diffeomorphism from (0, +)
onto itself it follows that if we put, for all p >
1and A > 0, we have

and p >

1
Ji(p, A )= {E >0:Ty(p,Ac,E) = E}'

and

~ 1
J2(p 4, €)= {p > 0:T(p, A, c,p) = 5},
then

Card (jl(p, A, c)) = Card (]2 (p, A, c)), for all p
>1,c>0and 1> 0.
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Hence, from now, we will focus our attention
in counting the number of solutions of the

equation T(p, A, ¢, p) = % in the variable p > 0,

instead of the equation T, (p, A, ¢, E) = % in the

variable E > 0.

Proposition 3. If u is a positive solution of
problem ([problem01]), then u € A* U B*.

Proof. The change of variable v = u%*1/(a + 1)
transforms  ([problem01]) into a standard
p- Laplacian problem

~(0,("))" =20@w), v(0) =v(1) =0, v>0,

where h is given in Section 3. For such a
problem, it is known (see e.g. ) that any
positive solution is symmetric about x = 1/2
and satisfies either v'(0) >0 or v'(0) = 0.
Translating back to u, this means u € A* when
u'(0) > 0 and u € BT when u/(0) = 0. Hence
the result. O

pt+a
3p+a-—2

Lemma2. Forallp>1,a>0,0<c<
and A > 0, we have

1. limT( Ac p) =M(c,p, ),
P=Px
where
p-1
wa+1
p* - a+ 1;
AndM (c, p, a) =
s ) w2 3(p-1)
p—-1 pwa+1 1 —W 1
()L ) P fo [3p+a—2 <1t a+1 ) +
~ 1+c 2(p-1) , 4 c
w (2p+a 1) <1 — 1 an ) - (ZH-_a) (1 -
ta+1+1)] dt.
2. lim T(p,lcp)—{M (aﬂ,P) if p>2,
p= +m + o0 otherwise,
Where
M, (0!+1'p) ( ) faH[ (a+1) -

H(u)] P du

Proof. Let p > 1, 0 < ¢ < 222
3p+

— a >0 and
A > 0 be fixed.
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1.We have

lirrp1_17~"(p, Ac,p)
wari

P a¥1

lim
p—l

wa+1
a+1

—H(pt)] P 3 dt.

p—

p—-1 p-1

If we putw = (a + 1)a+1pa+1 we obtain

2

4
_ — ybhta
Hw) — Hwt) = w [—Bp —— (1
— tS(fff)“)
+ ( 1+c )(1
2p+a-1
2(p-1)
-t )= ) (1
pt+a
-1
tZ+1+1>],

Then, we have

lim T(p, 4, ¢, p)
P=Px

-1 p-1
p—1\p wati _—(ta) (1 -1
:(_) wop f [K)]P dt,
p a+1 0
where
—w? 3(p-1)
KiwWwW)y=—|(1-— +1 +1>
) 3p+a—2( be
+~( 1+c )o
v 2p+a-—-1
2(p—-1
—t Sf+1)+1)
1
-G (i)
p+a
2. We have
lim T(p,4,¢,p) = lim [l[H(p) —
p= m a1
H(u)] Pdu
A 5 [t 1
=23 [ )
p—1 0 a+1
1
—H(u)] P du

= {M (a+1’p) ifp > 2,
+

00 otherwise.
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O

one has

Lemma3. Forallp > 1,0 < ¢ < 2%
3p+a-2

i. lim M(c,p,a) =0.

a—+oo

ii.  lim M;(c,p, a) = +oo.
a—+oo

a >0 and

Proof. Let p > 1, 0 < ¢ < 222
3p+a—-2
A > 0 be fixed.

i. We have

M(c,p,a) =

_1 p1 —-(p+a)
p—l) pwari P 4 [ g2
- p - —
(/1 14 a+1 w fO 3p+a—2 1
3(p-1) ~ 1+c
PEY i () (1 -
2p+a—1

) = () (1= )] e

p+(x
Since
W=
3p+a-2 [ 1+c (1+c¢)2 _ 4c
2 2p+a—1 @p+a-1)?2  @Bp+a-2)(p+a)
Then
1+4c 1
lirp W= —51/(1—c)2=c,
a—+0o

and consequently
lim M(c,p,a) = 0.
a—+co

ii. We have

1

() = G5) "9 () -

H(u)] P

If we put the change of variables u =
%r, we obtain

[r) (o) e

(APL)_5 (@+1)

1 2(p-1
J [ T 1—-1 Ef+1)+1>
2p+a—1
3(p—-1)
—(1_“511 +1)_
3p+a-—2
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y fl (a+1)P 1
1+c¢ 20-1 1\ 3pt+a-
0 —
2p+a-—1 (1 T oot )
3(p-1)
-7 ap+]_ +1>L
pt+a

p-1
(1 - 7:0(+1+1

1
)] Y drt.
Which implies that

1
(agp) =+

Lemmad4. Forallp >1,0<c<

mi ( pta  (atlpta+2 ),a >0and 1> 0, we
3p+a—2’3(a+1)p+4+a

have

i.  There exist p; > 0 such that the function p ~
T(p, A, c, p) is strictly decreasing on (p., p1).

ii. There exist p, > p; such that the function p —
T(p, A, c, p) is strictly increasing on (pz,ﬁ).
Proof. Letp > 1, @ > 0 and A > 0 be fixed.

Differentiating ( 6 ) with respect to p, we obtain

aT( ep)
ap P AP

_1
_ ( A ) v fﬂ L(p)—L(u)pH -
RS O [H(p)—H@)] P
where

L(u) = pH(u) — uh(u).

If we put the change of variables w =
-1 p-1

(a+ 1)a+1ua+1 we obtain

Lw)
a+l —
S L
p—1 3p+a-—2 2pta-—1
ca
T+ al’
with

A+ c)(a - 1)W
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L(w) = L(w).
Some easy computations show that

L) =p[-cB3la+Dp+ @+ a)] +(a+1p
+ (a + 2)],

and consequently, it follows that

(a+Dp+a+2
3(a+Dp+4+a

L(1) >0ifc<

On the other hand, we have

a+1

I'(w) = (VXV+ -[(2 - aw?
+ 1+ c)(a—1Dw—cal.

To study the variations of the function L' (w) it
suffices to study those of the function G
defined by

GwW)=R—-a)w?+ (1 +c)(a—-1Dw — ca.
We have
G(0)=—-ca<0,
G(1)=1-c>0,
and
G'W) =22 -a)w+ (1+c)(a—1).
We distinguish four cases
First case: « € [0,1]

In this case, there exist two real numbers g,and
p, with 0 < p, < p; such that

G(w) <0o0n(0,5,),G6(p2) =0,

and
G(w) > 0 on (5, 1).
So, we have
L'w) < 00n (0,52), L(p2) = 0,
and

L'(w) > 0on (p,,1),
and since L(1) > 0, it follows that

L(w) <00n (0,5,),L(;) = 0 and L(w)
> 0on (py, 1).
Second case: a € [1,2]
In this case, we have
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G(w) <0on (0,p2),G(P2) =0,
and
G(w) > 0on (p,,1).
Then, we have
LI'w) <00n(0,5,),L(52) =0,
and
L'w) > 0on (5, 1),
and consequently, it follows that
Lw) < 00n (0,51),L(5;) =0,
and
L(w) > 0on (py,1).
Third case: a = 2
In this case, we have

G(W) <O0on (0' ﬁZ)ﬁG(ﬁZ) =0,

and
G(w) > 0on (7,,1),
Then
L'w) <0on (0,5),
L(p,) =0,
and

L'(w) > 0 on (5, 1),
and consequently
Lw) <00n (0,51),L(5y) =0,
and
L(w) > 0on (p;,1).

Fourth case: a > 2

We have two subcases
First subcase: a € ]2%]
In this case, we have

G(w) <0on (0,3,),G(p;) =0,
and

G(w) > 0on (52, 1),



Hafidha Sebbagh, Djamila Kherbouche, Amina Ghomri / [JCESEN 12-2(2026)513-525

Then, we have
LI'w) <0o0n (0,5), L(B2) =0,
and
L'(w) > 0on (f,, 1),
and consequently, it follows that
Lw) <0o0n (0,5,),L(py) =0,
and
L(w) > 0on (py,1).
Second subcase: a € ]é +oo[.
In this case, there exists g, < p, < p; such that
G'(w)>0o0n(0,p.),G'(p.) =0,
and
G'(w) < 0on (p,,1).
Which implies that
G(w) <0on(0,5,),G(pz) =0,
and
G(w) > 0on (py,1).
Then, we have
L'w) < 00n (0,5,),L(p2) = 0,
and
L'(w) > 0 on (f,, 1),
and consequently, it follows that
Lw) <0o0n (0,5,),L(py) =0,
and
L(w) > 0on (p;,1).

So in all cases, we have

aT

%(p,l,c,p) <Oforallp>1,1>0,a>0andp
€ (OiPZ)'

and

oT
%(p,)l,c,p) >0forp>1,1>0,a>0andp

(o)
pl'a+1
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This means that forall p > 1, 1 > 0 and a > 0, the
function p = T(p, A, ¢, p) is strictly decreasing on

. . . 1
(p., p1) and strictly increasing on (pz,m). m|

Now we are going to prove that the time-map p —
T(p,A,c,p) admits a unique critical point on
(p1, p2)-

Proposition 4. Forallp >1,A>0and a > 0, if
there exist p € (py, p,) such that T'(p) = 0, then
T"(p) > 0.

Proof. Forallp > 1, A > 0 and a > 0, we have

T(p,4,c,p) = (p"%lA)” f )

- H(pt)]_% dt,

) T'(p, A, ¢, p)
plp (plp ) p fop — L(u)p_ﬂ dt,
[H(p) —H(W)] P
and
T"(p, A ¢,p)
) 1fp(AH)(pL’(p) ul (u)) — (p + 1)AL(Ah)
P p2(H() — H@) 7 v“ "
where
AH = H(p) — H(w),
and
AR = ph(p) — uh(u).
We have

oo+ () T e.acp)
o (P21 (aLy? + (amy(ar)
= f 2p+1

0 pp%(AH) P

du,

where
AL = pL'(p) — ul’ (w).

Now, we are going to study the sign of AL'.We
put the change of variablesw = (a +

p-1 p-t .
1)a+1pa+1, we oObtain

(WIw)) =202 - a)(a + Hwi+( +
c)(a—1)(a+3)w—cala+2)].
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We put
Gw) = (2 - a)(a + 4Hw?
+(1+c)(a—D(a+3)w
—ca(a + 2).
We have

G(0) =—ca(a+2)<0,6(1)=5-3c>0,
and

GWwW)=Q2-a)(a+dHw
+ (1 +c)(a—1)(a+ 3).

The sign of (wZ’(w)) is the sign of G (w), so
we distinguish four cases.

First case: « € [0,1]

In this case, there exists p; with 0 < g3 <

P, < pp such that

G(w) <0on(0,53),G(p3) =0,
and
G(w) > 0on (g3, 1).

So, we have

(WZ’(W))’ < 0on(0,p5),wLl'(p3) =0,

and

(WZ’(W))’ > 0 on (p3, 1),
and consequently, it follows that
wL'(w) < 0 on (0,5,),wL'(p,) = 0,
and
wl'(w) > 0on (p,,1).

Second case: a € [1,2]
In this case, there exist g; with 0 < g5 < g, <
p1 such that

G(W) <0on (OJﬁS)'G(ﬁB) = 0!

and
G(w) > 0on (p3, 1),
S0, we have
(W) < 0.0n (0,55), wI'(35) = 0,
and

(wI'w)) > 0 on (75, 1),
and consequently, it follows that
wL'(w) < 0 on (0,52), wL'(52) = 0,
and
wlL'(w) > 0 on (5, 1).

Third case: a = 2.
In this case, there exist g; with 0 < g5 < p, <
P4 such that

6(W) <0on (0' ﬁ3)16(ﬁ3) =0,
and
G(w) > 0on (ps3, 1).

so, we have

(W) <0 on (0,7, wI'3) = 0,

and

(WZ,(W)), > 0 on (f3, 1),
and consequently, it follows that
wl'(w) < 0on (0,5,),wL'(p,) =0,
and
wI'(w) > 0 on (p,,1).

Fourth case: a > 2.

In this case we prove that the function G is
strictly increasing, so there exist g3 with 0 <
p3 < P, < Py such that

G(W) <O0on (O' ﬁS)ﬁG(ﬁS) = O'
and
G(w) > 0on (p3, 1),

S0, we have
(W) <0 on (0,7, wI'3s) = 0,
and
(w'w)) > 0 on (s, 1).

Which implies that

wL'(w) < 0on (0,5,),wL'(5,) =0,
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and
wL'(w) > 0 on (p,, 1).

Then, we have

(WZ'(W))I > 0 on (ps3, 1).

Which implies that

0 p+ 1\,
T (p' /1' G ,0) + (T) T (p» /1' G .0)
> 0 on (pz, p1),
and consequently, it follows that if there exist

p € (py, py) such that T'(p) = 0, then
T"(p) > 0.0

5. Proof of theorem 1

Assume thatp > 1,a > 0and 4 > 0.

Proof of assertion (A)

Assume that p € ]1,2], by lemmas 2 and 4, we
have

i. [}irg T(p,A,c,p) = M(c,p, ),

ii. lim T(p, A c,p) = +oo.

-
p a+1

And The function p = T(p, 4, ¢, p) is strictly
decreasing on (p., p;) and strictly increasing on

(b1 0)

So, the equation in the variable p, p+~
T(p,Ac p) =% admits a unique solution in
(p*,ﬁ) if and only if A > A,(c,p,a) or 1 =
A,(c,p, ), where

1 p-1
N p— 1\ pwa+1 N—(P+05)
- — 14
1(6p,@) ( P ) a+r1”

—w? 3(p-1)
_ W (1-fam )
[3p +a—2 < ¢ *

1+c¢ 2(p-1 4
o) (1) -
2p+a-—1

1

() 1) e
pt+a

and
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1

A= (p%)5 f Hpy) — Hipy 0] P e

1

So, by Theorem 2, we have

I. If A > 44, then the problem (1) admits a

unique positive solution

in At

ii. If A =A4,, then the problem (1) admits two
solutions, one in A* and the other one in B™,

iii. If A< A,, then the problem (1) admits no

solution,

iv. If 1, <A< 44, then the problem (1) admits
exactly two solutions in A%,

v. If 2 = 4,, then the problem(1) admits a unique

solution in B™.

Proof of assertion (B)

Assume that p > 2, by Lemma 2 and Lemma

4, we have

) lirg_l’f(p, Ac,p)=M(cp, a),

wa+1
—.
a+l

® lim T(p,Ac,p) =M, (L,p).

a+l

[
p a+1

® The function pw- T(p,A,cp)

is strictly

decreasing on (p,, p;) and strictly increasing

on (p1,—).

® There exists @ such that for all « > @ we have,
M(c,p, @) < %and M;(c,p,a) > %

On the other hand, we have
® M(cpa)>-ifi> A

A =

p-1 Wwa+1

-p
@] ez,

, Where

a+1 p—1

(1+c)(a+1)

® My(c,p,a)>5ifA> ., where

A = 2P (ﬁ) (a+

1 p-1

1
= (2p+a-1)?
1)p (1+c)(a+1) (

Now, if we set by definition

2p+a-1’ p

(

)—P

2p+a-1’ p

)"
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1

1
_(evif p \p( 1
@(c,p,a)—fo (p—l) (a+1

)Pl (g P

then by Theorem 2, we have

i. If A< A, then the problem (1) admits no
solution,

ii. If A = A,,then the problem (1) admits a unique
solution in A*,

iii. If 2> 243 and a > &, then the problem (1)

admits a unique solution in A™,

iv. if 1> max(4,,A4,,),then the problem (1)
admits exactly two solutions in A*.
6. Physical Interpretation and

Numerical Illustration

a. Physical interpretation of the
parameters

The mathematical model (1) involves four
dimensionless parameters: p > 1, a € R, ¢ >
0 and A > 0. Each of them carries a specific
physical meaning,may describe phenomena
such as:

The exponent p (nonlinear diffusion). The
operator ¢, (y) = |y|P~2y defines the p-Laplacian.
For p = 2 one recovers the standard linear
Laplacian. When p > 2, the diffusion is

shear- thinning: the flux becomes very small for
small concentration gradients. This behaviour is
typical of non- Newtonian fluids (e.g. polymers,
blood) or of biological populations whose motility
decreases at low densities. For 1 < p < 2 the
medium is shear- thickening (diffusion accelerates
with the gradient).

The exponent a (concentration- dependent
mobility). The factor ¢,(u®) makes the diffusion
coefficient depend on the concentration u itself. If
a > 0, the mobility increases with u: the more
particles (or bacteria) are present, the faster they
move. This is observed in some porous media flows
and in bacterial quorum sensing, where motility is
only triggered above a critical population. If < 0,
mobility decreases with concentration (crowding or
adhesion effects). A large |a| amplifies the
nonlinearity, leading to an almost
“all- or- nothing” behaviour.
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The threshold ¢ (bistable reaction). The source
term A(uP~! — u?P~2)(wP~1 — ¢) changes sign at
u = c/®V For simplicity we refer to ¢ as the
critical concentration. Below c the reaction term is
negative (decay or consumption); above c it
becomes positive (growth or aggregation). In
applications, ¢ models a quorum sensing threshold
in bacteriology, a gelation threshold in polymer
physics, or a phase- transition value in material
science.

The intensity A (reaction strength). A multiplies
the whole reaction term and measures the strength
of the nonlinear interaction. For small A diffusion
dominates and the concentration tends to
homogenise. For large A the reaction prevails,
favouring phase separation and the coexistence of
two distinct concentration levels — a phenomenon
known as bistability.

Combined effect. The interplay between the
degenerate diffusion (p, a) and the bistable source
(c, 1) determines the exact number of positive
stationary solutions. As shown in the main theorem,
for p > 2 and sufficiently large 1 (more precisely
A > max(4,,1,,)) the problem admits exactly two
positive solutions, corresponding to a stable
low- concentration state and an unstable
high- concentration state.

b. Numerical illustration

In this section, we provide a concrete physical
example illustrating the exact multiplicity of
positive solutions for a class of p-Laplacian
quasilinear boundary value problems with
Dirichlet conditions, in the case p > 2. Using
the theoretical framework of the quadrature
method (time-mapping), we select parameters
a=10,c=0.2, p=3 and A = 1500, which
satisfy A > max(4,,4,,). According to the
main theorem, the problem admits exactly two
positive solutions in A*: one stable low-
concentration solution and one unstable high-
concentration solution. This models bistability
phenomena in porous media flow or bacterial
quorum sensing.

We choose the following parameters, satisfying the
conditions of Theorem 1, part (B), case (iv).

® p = 3 (cubic Laplacian, strong nonlinearity),
® o = 10 (very high sensitivity to density),
® ¢ = 0.2 (low threshold, below which diffusion

is active),
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® 1 = 1500 (large reaction intensity).

According to the article, for p > 2 there exist
A, ., such that if A > max(A,, A,,) then
problem (1) admits exactly two positive
solutions in A* (solutions with u'(0) > 0).
Numerical estimation of the time- map (see
Figure 1) shows that max(A,, 4,,) lies between
900 and 1500; hence A = 1500 satisfies the
required inequality.

7. Discussion

The figure provides a clear numerical
validation of the exact multiplicity results

established in Theorem 1 for the case p > 2. It
illustrates the transition from the absence of
solutions (small A) to the existence of exactly
two solutions (sufficiently large 1) through the
variation of the time-map.These results are
consistent with the physical interpretation:
when the reaction intensity A is small, diffusion
dominates and no non-trivial positive solution
exists. For intermediate values of A4, two
solutions appear (one stable, one unstable). For
very large values of A, the reaction prevails and
a single solution survives.

3.0 1

0.0 4

— \ = 400
— A\ = 600
A =900
— A = 1500
=== T = 1/2 (Dirichlet)

— A = 1500
=== T = 1/2 (Dirichlet)

Figure 1: Graph of the time-map T'(p) and its intersection with the level %

8. Conclusions

In this work, we have established the exact number
of positive solutions for a quasilinear boundary
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value problem with a density-dependent diffusion
operator and a bistable nonlinearity. We have
highlighted a transition in the solution structure
when the parameter p crosses the value 2. The
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obtained results generalize those in the existing
literature and open perspectives for the study of
analogous problems in higher dimensions or with
other boundary conditions.
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