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Abstract:  
 

In many fields of applied mathematics and physics, inverse problems involving the 

harmonic oscillator are common. These problems are often ill-posed in the sense of 

Jacques Hadamard, where minor changes in the data can result in significant deviations 

in the solution. In this work, we study an ill-posed inverse problem related to the 

harmonic oscillator equation with the aim of reconstructing unknown parameters from 

noisy and indirect observations.We suggest a technique of regularization to address the 

instability present in this class of problems. Convergence results are obtained under 

appropriate assumptions on the regularization parameter and noise level, and the 

regularized problem’s well posed-ness is established. Furthermore, error estimates are 

obtained to measure how stable the suggested method is. The efficiency and resilience of 

the approach in recovering stable approximations of the intended solution are illustrated 

through numerical simulations. The obtained results verify that the suggested 

regularization technique provides a dependable and effective method for resolving 

harmonic oscillator inverse problems. 

 

1. Introduction 
 

A harmonic oscillator is a fundamental system in 

physics and mathematics. An oscillator that loses 

energy due to friction, resistance or any kind of 

damping force is known as a damped harmonic 

oscillator. it models many real world systems like a 

car suspension, a pendulum in air, or an RLC 

electrical circuit. 

Applying Newton’s second law that force equals 

mass times acceleration, we discover that when a 

damping force, like friction or air resistance, opposes 

the motion and the spring pulls the mass back toward 

equilibrium, a damped harmonic oscillator equation 

is created. The strength of damping in relation to the 

restoring force determines how the system acts for 

that there exist three types of damping : Under-

damped (the damping rate less than one: oscillations 

with shrinking amplitude), critically damped (the 

damping rate equal to one: Smooth return no 

oscillation), over-damped (the damping rate greater 

than one: slow return, no oscillation) see [1][2][3]. 

Mckean H.P and Trubowitz E [11] studied the 

equation of harmonic oscillator on R. They gave an 

algorithm to reconstruct the potential from special 

constants derived from eigenfunctions. Levitan [10] 

reproved some results of Mckean H.P and Trubowitz 

E [11]. After some mathematicians such as Gesztesy, 

Simon [7], Chelkak [1], Kargaev [3], Korotyaev [4] 

proved existence and uniqueness. We result that 

earlier works gave algorithms and partial results 

while later works proved uniqueness and 

characterization. 

Let y: [0, T] → H and H is Hilbert space. 

In H Hilbert space, consider the following problem: 

 

{
 

 
d2y(t)

dt2
+ 2ζω

dy(t)

dt
+ ω2 = 0           t ∈ [0; T] (1)

y(T) = f                                                                    (2)

y′(T) = g                                                                 (3)

 

Where (f; g) ∈ H × H 

Note that ζ: the damping rate, ω: the natural 
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frequency such as: ω = √
k

m
 and ζ =

c

2√km
 

Let y: [0, T] → H is a solution of the problem if: 

1) y(t) is twice derivable then y(t) ∈ C2 (0, T ; H). 

2) For t∈ [0, T]; y (t) satisfy the equation (1) and 

the conditions (2)-(3). 

The general solution of the equation (1) is given by: 

y(t) = c1e
r1t + c2e

r2t. Where r is a solution of the 

corresponding characteristic equation. 

Using conditions (2)-(3) we obtain: 

{
 
 

 
 c1 =

r2f − g

(r2 − r1)e
r1T

c2 =
g − r1f

(r2 − r1)e
r2T

 

With 

{ 
y(T) = f then c1e

r1T + c2e
r2T = f

           𝑦′(𝑇) = 𝑔 𝑡ℎ𝑒𝑛 𝑐1𝑟1𝑒
𝑟1𝑇 + 𝑐2𝑟2𝑒

𝑟2𝑇 = 𝑔
 

 

We get: y(t) =
r2f−g

(r2−r1)e
r1T
er1t +

g−r1f

(r2−r1)e
r2T
er2t    (4) 

Therefore, if the solution of the problem exist it has 

this formula (4). 

Above we check the ill posed-ness of this problem, 

where generally the solution is unbounded. As 

consequence, regularization techniques are 

necessary to obtain well-posed problem. We propose 

a regularization utilizing a filter method. This 

method is based on adding a filter function that 

satisfies specific conditions, allowing us to obtain a 

general solution for well-posed problem. 

Consider the problem with noisy data: 

 

{

ỹ"(t) + 2ζωỹ′(t) + ω2 ỹ(t) = 0       t ∈ [0; T]

ỹ(T) = f̃

ỹ′(T) = g̃

 

Where  f˜, g˜ ∈ H and  f˜− f ≤ δ,  g˜ − g  ≤ δ 

‖𝑦̃(𝑡) − 𝑦(𝑡)‖𝐻 = ‖
r2f̃−g̃

(r2−r1)e
r1T
er1t +

g̃−r1 f̃

(r2−r1)e
r2T
er2t −

                                (
r2f−g

(r2−r1)e
r1T
er1t +

g−r1f

(r2−r1)e
r2T
er2t)‖  

 = ‖
‖

r2(f̃ − f) − (g̃ − g)

(r2 − r1)e
r1T

er1t

+
(g̃ − g) − r1(f̃ − f)

(r2 − r1)e
r2T

er2t
‖
‖

≤ ‖
‖

r2(f̃ − f) − (g̃ − g)

(r2 − r1)e
r1T

+
(g̃ − g) − r1(f̃ − f)

(r2 − r1)e
r2T

‖
‖

                                   ≤ ‖
‖

r2(f̃ − f) − (g̃ − g)

r2 − r1
e|r1|T

+
(g̃ − g) − r1(f̃ − f)

r2 − r1
e|r2|T

‖
‖

 

We pose r = max {|r1|; |r2|} 

 

‖ỹ(t) − y(t)‖H ≤ ‖
‖

r2(f̃ − f) − (g̃ − g)

r2 − r1
erT

+
(g̃ − g) − r1(f̃ − f)

r2 − r1
erT
‖
‖

≤ ‖(f̃ − f)erT‖

≤ δerT → +∞ when T → +∞

 

We note that 𝑒𝑟𝑇 effects the stability of the solution. 

 

2  Filter regularization method 

Let measured information 𝑦𝛿(𝑇) ∈ 𝐻 and y(T ) ∈ H 

satisfy ‖𝑦𝛿(𝑇) − 𝑦(𝑇)‖
𝐻
≤ 𝜀 

We consider a function q(α, r) called the filter function 

and α is a parameter of regularization We define a 

regularized solution by:  

𝑦𝛼
𝛿(𝑡) = 𝑞(𝛼, 𝑟)

(

 
 

𝑟2𝑓 − 𝑔̃

(𝑟2 − 𝑟1)𝑒
𝑟1𝑇
𝑒𝑟1𝑡

+
𝑔̃ − 𝑟1𝑓

(𝑟2 − 𝑟1)𝑒
𝑟2𝑇
𝑒𝑟2𝑡

)

 
 

 

 

Theorem 2.1.   

 let y(t) a exact solution of problem(1)-(3)  and yα
δ(t) 

regularized solution such as  ‖𝑦𝛿(𝑇) − 𝑦(𝑇)‖
𝐻
≤ 𝜀  and 

‖yδ
′
(T) − y′(t)‖

H
≤ ε with ‖

dy

dt
(0)‖

H
≤ E1 and 

‖
dy′

dt
(0)‖

H
≤ E2 

 And q(α, r) the filter function satisfy these conditions: 

1. Sup
𝑟
|𝑞(𝛼, 𝑟)| ≤ C2(α) 

2. Sup
𝑟
|𝑞(𝛼, 𝑟)𝑒𝑟𝑇| ≤ k1(α) 

3. Sup
𝑟
|𝑞(𝛼, 𝑟) − 1| ≤ k2(α) 

4. Sup
𝑟
|𝑞(𝛼, 𝑟) − 1|𝑒−𝑟𝑇 ≤ C1(α) 

We suppose that the parameter of regularization α = α (δ) 

satisfies the following conditions: 

 

a. 𝛿𝐶2(𝛼) →
𝛿→0

0 

b. 𝐶1(𝛼) →
𝛿→0

0 

c. 𝛿𝑘1(𝛼) →
𝛿→0

0 

d. 𝑘2(𝛼) →
𝛿→0

0 

Proof 

For  every 0 ≤ t < T   



Henen Aidoud, Mohamed Denche/ IJCESEN 12-2(2026)368-373 

 

370 

 

‖yα
δ(t) − y(t)‖

H
=

‖

‖

‖q(α, r)

(

 
 

r2f̃ − g̃

(r2 − r1)e
r1T

er1t

+
g̃ − r1 f̃

(r2 − r1)e
r2T

er2t

)

 
 

−

(

 
 

r2f − g

(r2 − r1)e
r1T

er1t

+
g − r1f

(r2 − r1)e
r2T

er2t

)

 
 

‖

‖

‖

                        ≤

‖

‖

‖ q(α, r)

(

 
 

r2f̃ − g̃

(r2 − r1)e
r1T

er1t

+
g̃ − r1 f̃

(r2 − r1)e
r2T

er2t

)

 
 

−q(α, r)

(

 
 

r2f − g

(r2 − r1)e
r1T

er1t

+
g − r1f

(r2 − r1)e
r2T

er2t

)

 
 
‖

‖

‖

              +‖‖
q(α, r) (

r2f − g

(r2 − r1)e
r1T

er1t +
g − r1f

(r2 − r1)e
r2T

er2t)

− (
r2f − g

(r2 − r1)e
r1T

er1t +
g − r1f

(r2 − r1)e
r2T

er2t)
‖‖

 

‖yα
δ(t) − y(t)‖

H
≤ {

Sup
r
|q(α, r)erT|‖f̃ − f‖

+
Sup
r
|q(α, r) − 1|‖ferT‖

               ≤ δ Sup
r
|q(α, r)erT| + E1 Sup

r
|q(α, r) − 1|

≤ δk1(α) + E1k2(α)

 

For t=T  

‖yα
δ(T) − y(T)‖

H
= ‖
‖
q(α, r) (

r2 f̃ − g̃

(r2 − r1)
+

g̃ − r1 f̃

(r2 − r1)
)

− (
r2f − g

(r2 − r1)
+

g − r1f

(r2 − r1)
)

‖
‖

                     ≤ ‖
‖
q(α, r) (

r2 f̃ − g̃

(r2 − r1)
+

g̃ − r1 f̃

(r2 − r1)
)

−q(α, r) (
r2f − g

(r2 − r1)
+

g − r1f

(r2 − r1)
)
‖
‖

          +‖‖
q(α, r) (

r2f − g

(r2 − r1)
+

g − r1f

(r2 − r1)
)

− (
r2f − g

(r2 − r1)
+

g − r1f

(r2 − r1)
)

‖‖

 

  

‖yα
δ(T) − y(T)‖

H
≤ {

Sup
r
|q(α, r)|‖f̃ − f‖

+ Sup
r
|(q(α, r) − 1)e−rT|‖ferT‖

≤ δ Sup
r
|q(α, r)| + E1 Sup

r
|(q(α, r) − 1)e−rT|

≤ δC2(α) + E1C1(α)

 

For  every 0 < t < T   

‖yα
δ′(t) − y′(t)‖

H
=

‖

‖

‖q(α, r)

(

 
 
r1

r2 f̃ − g̃

(r2 − r1)e
r1T

er1t

+r2
g̃ − r1f̃

(r2 − r1)e
r2T

er2t

)

 
 

−

(

 
 
r1

r2f − g

(r2 − r1)e
r1T

er1t

+r2
g − r1f

(r2 − r1)e
r2T

er2t

)

 
 

‖

‖

‖

                            ≤

‖

‖

‖ q(α, r)

(

 
 
r1

r2 f̃ − g̃

(r2 − r1)e
r1T

er1t

+r2
g̃ − r1 f̃

(r2 − r1)e
r2T

er2t

)

 
 

−q(α, r)

(

 
 
r1

r2f − g

(r2 − r1)e
r1T

er1t

+r2
g − r1f

(r2 − r1)e
r2T

er2t

)

 
 
‖

‖

‖

                               +

‖

‖

‖q(α, r)

(

 
 
r1

r2f − g

(r2 − r1)e
r1T

er1t

+r2
g − r1f

(r2 − r1)e
r2T

er2t

)

 
 

−

(

 
 
r1

r2f − g

(r2 − r1)e
r1T

er1t

+r2
g − r1f

(r2 − r1)e
r2T

er2t

)

 
 

‖

‖

‖

 

‖yα
δ′(t) − y′(t)‖

H
≤ Sup

r
|q(α, r)|‖g̃ − g‖ + Sup

r
|q(α, r) − 1|‖gerT‖

≤ δ Sup
r
|q(α, r)| + E2 Sup

r
|q(α, r) − 1|

≤ δC2(α) + E2k2(α)

 

For t=0  

‖yα
δ′(0) − y′(0)‖

H
= ‖

q(α, r) (r1
r2f̃−g̃

(r2−r1)e
r1T
+ r2

g̃−r1f̃

(r2−r1)e
r2T
)

− (r1
r2f−g

(r2−r1)e
r1T

+ r2
g−r1f

(r2−r1)e
r2T
)

‖

                                ≤ ‖
q(α, r) (r1

r2f̃−g̃

(r2−r1)e
r1T
+ r2

g̃−r1f̃

(r2−r1)e
r2T
)

−q(α, r) (r1
r2f−g

(r2−r1)e
r1T
+ r2

g−r1f

(r2−r1)e
r2T
)
‖

                                   + ‖
q(α, r) (r1

r2f−g

(r2−r1)e
r1T
+ r2

g−r1f

(r2−r1)e
r2T
)

− (r1
r2f−g

(r2−r1)e
r1T
+ r2

g−r1f

(r2−r1)e
r2T
)

‖

  

‖yα
δ′(0) − y′(0)‖

H
≤ {

Sup
r
|q(α, r)erT|‖g̃ − g‖

+Sup
r
|q(α, r) − 1|‖gerT‖

≤ δ Sup
r
|q(α, r)erT| + E2 Sup

r
|q(α, r) − 1|

≤ δk1(α) + E2k2(α)

 

For t=T 
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‖yα
δ′(T) − y′(T)‖

H
= ‖
‖
q(α, r) (r1

r2f̃ − g̃

(r2 − r1)
+ r2

g̃ − r1 f̃

(r2 − r1)
)

− (r1
r2f − g

(r2 − r1)
+ r2

g − r1f

(r2 − r1)
)

‖
‖

                                 ≤ ‖
‖
q(α, r) (r1

r2 f̃ − g̃

(r2 − r1)
+ r2

g̃ − r1 f̃

(r2 − r1)
)

−q(α, r) (r1
r2f − g

(r2 − r1)
+ r2

g − r1f

(r2 − r1)
)
‖
‖

                                   +‖‖
q(α, r) (r1

r2f − g

(r2 − r1)
+ r2

g − r1f

(r2 − r1)
)

− (r1
r2f − g

(r2 − r1)
+ r2

g − r1f

(r2 − r1)
)

‖‖

 

Then 

‖yα
δ′(T) − y′(T)‖

H
≤ {

Sup
r
|q(α, r)|‖g̃ − g‖

+Sup
r
|q((α, r) − 1)e−rT|‖gerT‖

              ≤ δ Sup
r
|q(α, r)| + E2 Sup

r
|(q(α, r) − 1)e−rT|

≤ δC2(α) + E2C1(α)

 

According to the theorem (2.1) we have: for every 

0≤t<T 

‖yα
δ(t) − y(t)‖

H
≤ δk1(α) + E1k2(α)

‖yα
δ′(t) − y′(t)‖

H
≤ δC2(α) + E2k2(α)

 

3      Applications 

We have : y(t) =
r2f−g

(r2−r1)e
r1T
er1t +

g−r1f

(r2−r1)e
r2T
er2t  

Then : y′(t) = r1
r2f−g

(r2−r1)e
r1T
er1t + r2

g−r1f

(r2−r1)e
r2T
er2t     

If g = e
−1

2
rT we have : 

 y′(0) = r1
r2f−e

−1
2 rT

(r2−r1)e
r1T
+ r2

e
−1
2 rT−r1f

(r2−r1)e
r2T
   

‖y′(0)‖2 = ‖r1
r2f − e

−1
2
rT

(r2 − r1)e
r1T

+ r2
e
−1
2
rT − r1f

(r2 − r1)e
r2T
‖

                           ≤ ‖r1
r2f − e

−1
2
rT

(r2 − r1)
erT + r2

e
−1
2
rT − r1f

r2 − r1
erT‖

≤ erT → +∞ when t → +∞

 

So our goal is to limit the term 𝑒𝑟𝑇 . 

We put some examples proposed in other problems, 

but those verify our conditions about the filter 

function. 

Example 1: The function  q(α, r) =
1

1+αerT
 is a 

filter function. In effect, this function verifies all 

conditions of filter function. It proposed in [8] for a 

backward heat conduction problem 

1. |q(α, r)| = |
1

1+αerT
| ≤ 1 = C2(α) 

2. |q(α, r)erT| = |
erT

1+αerT
| ≤

1

α
= k1(α) 

3. |q(α, r) − 1| = |
αerT

1+αerT
| ≤ |

1

1+
1

α
e−rT

| ≤ α = k2(α) 

4. |q(α, r) − 1|e−rT = |
−α

1+αerT
| ≤ α = C1(α) 

Example 2: The function  q(α, r, s) =
1

1+αserT
; s > 1 

is also filter function and satisfy all conditions. Hai-

Hua Oin and Ting Wei suggested this function in [8] 

1. |q(α, r, s)| = |
1

1+αserT
| ≤ 1 = C2(α) 

2. |q(α, r, s)erT| = |
erT

1+αserT
| ≤

1

αs
= k1(α) 

3. |q(α, r, s) − 1| = |
αserT

1+αserT
| ≤ |

1

1+
1

αs
e−rT

| ≤ αs =

k2(α) 

4. |q(α, r, s) − 1|e−rT = |
−αs

1+αserT
| ≤ αs = C1(α) 

Example 3: Recently, Kirane M, Tuan N H, Luu V 

innovated the function   q(α, r) = e−αe
rT

 in [9] for an 

inverse parabolic problem in several variables. 

Indeed, we check this function is a filter function. 

1. |q(α, r)| = |e−αe
rT
| ≤ 1 = C2(α) 

2. |q(α, r)erT| = |erT−αe
rT
| ≤ 1 = k1(α) 

3. |q(α, r) − 1| = |e−αe
rT
− 1| ≤ αerT = k2(α) 

4. |q(α, r) − 1|e−rT = |e−rT−αe
rT
− e−rT| ≤ α =

C1(α) 

Example 4: The Algerians mathematics Denche 

Mohamed, Bessila K in [6] found the function 

q(α, r) =
e−rT

α+e−rT
 which is a filter function satisfying 

all conditions. 

1. |q(α, r)| = |
e−rT

α+e−rT
| ≤ 1 = C2(α) 

2. |q(α, r)erT| = |
1

α+e−rT
| ≤

1

α
= k1(α) 

3. |q(α, r) − 1| = |
α

α+e−rT
| ≤ |

1

1+
1

α
erT
| ≤ α = k2(α) 

4. |q(α, r) − 1|e−rT = |
−αe−rT

α+e−rT
| ≤ |

1
1

α
erT+1

| ≤ α 

                                                              = C1(α) 

Example 5: The improved function 

 q(α, r, s) =
e−rT

αs+e−rT
, S > 1 from the previous function 

in non-homogeneous backward Cauchy problem [5]. 

It is a filter function too. 

1. |q(α, r, s)| = |
e−rT

αs+e−rT
| ≤ 1 = C2(α) 

2. |q(α, r, s)erT| = |
1

αs+e−rT
| ≤

1

αs
= k1(α) 

3. |q(α, r, s) − 1| = |
αs

αs+e−rT
| ≤ |

1

1+
1

αs
e−rT

| ≤ αs 

= k2(α) 

4. |q(α, r, s) − 1|e−rT = |
−αse−rT

1+αe−rT
| ≤ |

1
1

αs
+erT

| ≤ αs 

                                                             = C1(α) 

4   Numerical example 

In this section, we consider the simple example : 

{
 

 
d2y

dt2
(t) + 8

dy

dt
(t) + 4y(t) = 0  , t ∈ [0; 2]

y(2) = e−1

y′(2) = e−0.5
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We remark that T = 2, ζ = 2 and ω = 2 then the exact 

solution is: 

y(t) =
(−4 + 2√3)e−0.5 − e−1

(4√3)e−8−4√3
e(−4−2√3)t

+
e−1 − (−4 − 2√3)e−0.5

(4√3)e−8+4√3
e(−4+2√3)t 

Let q1(t) the function filter of example 1 and q2(t)the 

function filter of example 2 ...in the same way for the 

rest. 

First, we fixed the parameter of regularization α and 

varied t then we compare the error and which is the 

best. 

Table 1. we pose α = δ = 10−7 
t y(t) q1(t) q2(t) q3(t) q4(t) q5(t) 

0 −304294. 8984

.9 

9.25 

× 

10−5 

9118.

86 

8984.

92 

9.25 × 

10−5 

0.5 −7284.41 215.

08 

2.21 

× 

10−6 

218.2

9 

215.0

8 

2.21 × 

10−6 

1 −173.24 5.11 5.27 

× 

10−8 

5.19 5.11 5.27 × 

10−8 

1.5 −3.25 0.09 9.89 

× 

10−10 

0.09 0.09 9.89 × 

10−10 

2 0.6 0.01 1.84 

× 

10−10 

0.01 0.01 1.84 × 

10−10 

We can be observed that the error between the exact 

solution and the regularized solutions for different 

values of the parameter t. The result show that the 

error remains small and the functions in example 2 

and 5 those functions have the same error, making 

them the best functions filters for this problem. 

Example 3 contains the worst function filter. 

 

Table 2. we considered a smaller value of 

α = δ = 10−10 
t y(t) q1(t) q2(t) q3(t) q4(t) q5(t) 

0 -304294.9 9.25 5.82×

10−11 

9.25 9.25 1.16×

10−10 

0.5 -7284.4 0.22 1.81 × 

10−12 

0.22 0.22 2.72 × 

10−12 

1 -173.24 5.27 

× 

10−3 

2.84 × 

10−14 

5.27 

× 

10−3 

5.27 

× 

10−3 

5.68 × 

10−14 

1.5 -3.25 9.89 

× 

10−5 

8.88 × 

10−16 

9.89 

10−5 

9.89 

10−5 

8.88 × 

10−16 

2 0.60 1.84 

× 

10−5 

1.11 × 

10−16 

1.84 

× 

10−5 

1.84 

× 

10−5 

2.22 × 

10−16 

 

We remark the same behavior as in the table 1. But, 

in this case, the error was even smaller compared to 

the table 1 and the best functions filter for this 

problem is that of the example 2. Those functions 

have the same error. The worst function filter is the 

function of example 1 and 4. We result that the error 

vanishes for α near 0. 
 

4. Conclusions 
 

In this work, we investigated an ill posed inverse 

problem associated with the harmonic oscillator 

equation. Due to the instability of such problems in 

the sense of Hadamard, regularization techniques are 

required to obtain stable approximations of the 

solution. Several regularization methods were 

applied and compared in order to evaluate their 

effectiveness in stabilizing the inverse problem.The 

comparative analysis shows that each method 

provides a stable reconstruction of the solution, but 

their performance differs in terms of stability, 

accuracy and sensitivity to noise data. 
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